An overview of the influence of coherent coupling in light-matter interaction traced by transients in pumpprobe spectroscopy is given, with special emphasis on interest and works provided by the authors. Advantages of this technique used to trace pathways of transfer and decay of quantum coherences in atoms, molecular aggregates, and biological structures, as well as feasibility of the probing of both the lifetime and characteristic lengths (area, volume) of coherent excitations are discussed. Theoretical analysis of the pump-probe measurements is based on the numerical solution of the equation for the reduced density matrix in the representation of atomic, molecular, and excitonic states, considering coherent coupling between light and appropriate quantum states precisely.
Introduction
Ultrafast pump-probe laser spectroscopy is defined as a study of molecules on extremely short time scales (from nanoseconds to femtoseconds) after their excitation with a pump-laser pulse. Among many different procedures developed at the very beginning of the "laser era", ultrafast transient fourwave mixing (FWM) based methods were used to trace decays of excited states in atoms, molecules, and molecular aggregates whose reaction to light was of interest [1] .
Coherent effects arising during resonant matter interactions with ultrashort laser pulses have been observed in some of early (pump-probe type) experiments and were used to be called "artifacts". Usually, these effects happen as long as used durations τ L , τ P of the pump and probe pulses are long, as compared to the relaxation time T 2 of induced polarization (coherence). On the other hand, the lifetime of the coherence of excited quantum states has become the subject of intensive studies over recent years due to their multiple potential applications, ranging from laser cooling to isotope separation, generation of giant pulses of the laser light in a short-wavelength region [2] , tailoring material dispersion [3] [4] [5] .
Besides, nowadays coherent interaction in manylevel quantum systems gives promising concepts towards practical realization of quantum information processing [6] [7] [8] . Among the main challenges which affect progress in this field, the control of the lifetime of created quantum state coherence should be emphasized. Additionally, recent two-dimensional (2D) photon echo experiments on light harvesting systems suggest that excitation energy transfer in these systems occurs coherently rather than by incoherent hopping [9] . Such findings raise questions about the role and significance of quantum coherences in the light harvesting efficiency [10] [11] [12] [13] [14] [15] . All these necessitate an increasing demand both for the new structures with distinct coherence lifetime, methods for the characterization of quantum states, and adequate treatment (description) of the coherent light-matter interaction, including transfer of coherences in complex quantum systems.
It should be stressed that a long lifetime of coherences leads to significant changes in the spatial and temporal evolution of the excited states in molecular aggregates (e. g. due to the annihilation of excitations) and modifies the response of the media to the probe field by the ac Stark shifts as well as power broadening in case of strong excitation. This implies importance of the non-perturbative treatment of light-matter interaction in many experimental situations, whereas common treatment of ultrafast FWM experiments is based on the perturbative (in the field-matter interaction) theory placing special emphasis on quantum system -bath interaction. Specifically, treatment by Mukamel and co-workers [1, 16, 17] , well known as a dynamical model of multiple Brownian oscillators (MBO), is widely used for the analysis of the relaxation induced by the solute-solvent interaction in the femtosecond FWM spectroscopy.
On the other hand, modern experimental methods of laser spectroscopy provide one with reliable parameters both of vibrational modes, playing the major role in dissipation process, and their relaxation rates. Therefore, when learning about the excitation dissipation processes, it is a natural way to explore these new parameters (rate constants) rather than use bath correlation functions, estimation of which is based either on the stationary spectra measurements or on a complex fitting of the experimental data as obtained by means of different modifications of the FWM experiments. In general, the disadvantage of simulation of the time-dependent behaviour of the solvation process within the stochastic (e. g. MBO) model is that in this case not only potentially useful information can be lost, but also many useful experimentally provided information cannot be used, if the solvent is not described in terms of microscopic quantities.
Motivated by experimental investigations of the ultrafast excited state relaxation and transfer in artificial molecular aggregates, light-harvesting antennas and natural photosynthetic systems, the Redfield theory of relaxation was used as an approach for the nonperturbative quantum dynamics description of molecular excitonic systems. The method proved to be an efficient approach for simulation and tracking coherences and energy transfer dynamics in complex molecular systems. Specifically, it has been used to simulate ultrafast pumpprobe measurements, stressing applications of the method to light and matter interaction in several models. Starting with simple two-and three-level atoms and progressing to many-level systems, this paper attempts to stress the significance and measurement possibilities of coherent electronic excitation relaxation, exciton-exciton annihilation and transfer phenomena, as well as possibilities to characterize lifetimes and pathways of this transfer in complex molecular systems.
Background of nonperturbative description of pump-probe spectroscopy
The light-induced changes in many-level systems can be described by the density matrix, which is governed by the following Liouville equation:
where the total Hamiltonian is divided into its unperturbed part H 0 of the ground and excited states of the system under consideration with electronic and vibrational energy states and perturbation term H int related to the external electric fields. The last term in Eq. (1) accounts for the complexity of the relaxation processes and might be approximated by means of the Redfield relaxation operator ℜ [18] , i. e.:
In order to follow the evolution of excitation in the system, the basic set of functions, which for independent modes are simple products of the corresponding wave functions, might be used for representation of the density matrix. For the sake of simplicity in describing the corresponding equations we will apply a single (combined) index for excitations in different electronic bands (by assuming e. g. |j〉 ≡ |j 1 , j 2 ,...〉).
Expanding the density matrix operator with respect to the basis of the wave functions described above, defined, where according to our definition i and j enumerate quantum states in different electronic bands. The Hamiltonian of the system under consideration and the interaction with the external field by means of the same representation can be determined as follows:
where µ ij = d〈j| i〉is the corresponding transition dipole moment between the eigenstates in different electronic manifolds.
At this point we recall some points of the wellknown pump-probe spectroscopy method. Usually, fields are directed to the sample at different angles (see Fig. 1 ). The absorption changes are detected by a probe field (having mean frequency ω P and a wave vector k P ), after the system is exposed to the laser (pump) pulse characterized by frequency ω L and wave vector k L . Thus, we write the electric field as a superposition of both quasi-monochromatic plane-wave pulses:
where ε i (t) (i = L, P) are the slowly varying complex electric field envelopes, and c.c. denotes the complex-conjugate terms. The frequencies of the pump and probe pulses are considered being close the resonance of the optical transitions of the system, i. e. when inequality ħ |Δ ij
Therefore, the rotating wave approximation [19] can be applied to specific models, giving equations for the material variables [20, 21] . In both perturbative and nonperturbative treatment of the material equations, spectroscopic signals have to be distinguished via the direction of wave vectors. The perturbative (up to the third order in the field-matter interaction) approach allows one to separate terms with proper wave vectors [1, 17] , whereas the nonperturbative one is based on the solution of a set of differential equations for material variables (coherences and populations) with the specific wave vectors. Thus, for the diagonal density matrix elements (populations) we use the expansion 
where h = |k L -k P | in a k-space. Additionally, expansions of the nondiagonal matrix i ≠ j elements (polarizations) read:
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Further, in our simulations it is assumed that the moduli of wave-vectors |k L | ≈ |k P | and that modulation of the refraction index is quite small. Therefore, in Eqs. (5) and (6) we restricted us to the first order of diffraction.
Before concluding this section, some important aspects on the description of the relaxation processes should be discussed. In general, the Redfield relaxation tensor is defined by the stationary correlation functions of the system-bath coupling operator [18, 22] :
where:
V i,j (t) being the matrix element of the system-bath coupling operator between eigenstates |i〉 and |j〉 of the system in the interaction representation, 〈...〉 represents the trace over the bath in thermal equilibrium, and ħω ij = ∈ i -∈ j . As it follows from Eq. (8) , for the defined model of the system-bath coupling the Redfield tensor elements can be estimated, in principle, from the stationary spectra. Specifically, when using a harmonic oscillator model as a bath Hamiltonian, all effects induced by electron coupling to the vibrational modes may be incorporated through the line broadening function [1] .
On the other hand, in particular cases the rate constants ℜ ij kl (i = k, j = l) of population relaxation Fig. 1 . General scheme for a pump-probe experiment. A case of the negative time delay, when a relatively strong laser pulse passes the sample after the probe and selfdiffracts on the created grating. Spectra detected at the probe direction exhibit an oscillatory feature with characteristic modulation frequency Δτ, resulted from two maxima in time-dependence of the signal.
might be taken directly from the existing experimental data [23, 24] or chosen as fitting parameters of the experimental and theoretical data. We will follow throughout this paper the former (dynamical) way and will not specify here the coupling opera tor (as well as the bath Hamiltonian) explicitly. According to our notations ℜ ij kl (i = j, k = l) determines the dephasing, and ℜ ij kl (k, l ≠ i, j) the coherence transfer [18, 25, 26] .
Coherence signatures of transient spectroscopy

Pump-probe spectroscopy in two-level approximation
The main disadvantage (shortcoming) of using the Redfield relaxation theory is that some (nonMarkovian) features of pump-probe experiments cannot be fitted within this description, because it is based on the assumption that the mean correlation time τ c of the system-bath interaction is much shorter than the time scale under investigation. However, nowadays computational capacities make it possible to resolve the problems by introducing e. g. the noise function into the Hamiltonian (3) of the system and using repetitive calculations to find the averaged behaviour of the quantum system.
As an example, in this subsection we demonstrate that the spectral drift of pure non-Markovian nature may be observable in the difference absorption spectra (DAS) of the two-level quantum system (2LQS) resulting from the system-bath interaction. Specifically, we investigate the solute-solvent interaction by means of numerical analysis based on a stochastic model of 2LQS spectra.
Considering a simple 2LQS in the framework as described above in the previous section, we arrive at following equations (see [20, [27] [28] [29] ) for material variables (polarization and population):
where Δ L12 = ω L -ω 12 and Δ P12 = ω P -ω 12 are detunings of the pump and probe pulses from resonance, Λ L,P (t) denote time-dependent Rabi frequencies of pump and probe fields, and common notations T 1 , T 2 are used here for relaxation times in the 2LQS (for populations and polarizations, respectively). In our simulations the spectrum of the probe pulse is considered a supercontinuum. In this case the detuning of the probe pulse is not crucial, and the differential absorption (transmission) spectrum (DAS) of the probe field can be written as follows:
To discuss the non-Markovian properties of the system it was assumed that the transition frequency ω 12 underlies a stochastic process, i. e. that the frequency detuning in Eq. (9) is modulated by the additive noise Δ(t), which is a stochastic process with a zero mean value
where τ c and D denote the correlation time and dispersion of the Ornstein-Uhlenbeck process, respectively. The reduction of the noise correlation time below the duration of the pulses simply leads to the case of white Markovian noise which can be described analytically by introducing proper phase relaxation time in Eq. (9).
The non-Markovian situation was considered by taking τ = 0.2 ps. In this case, the coherent part of the signal becomes increasingly important in the vicinity of time delay zero as it is seen from Fig. 2 . The present bleaching was called in a number of papers (see e. g. [30] ) as a "spectral hole burning", despite it does not represent any real changes in the spectral distribution of populations and simply displays the spectrum of the pump pulse, which is taken considerably narrower in comparison to the spectrum of the quantum system. The distinct feature of the DAS resulted from non-Markovian treatment is that contribution of the absorption and stimulated emission (ASE) exhibits here a delay time depenedent shift (see Fig. 2(b) ). Actually, the "hole moves" in the spectral region of more than 20 nm, and this ASE contribution to the DAS (which is caused by level population affecting absorption and stimulated emission processes) behaves in the most way as compared to the Markovian case. This bleaching approaches its maximum in the vicinity of zero delay and falls down for positive delay times, thus producing a negative dip (in addition to that contributed from the coherent interactions) in the DAS. The observed effect can be explained when noting that definite phase relations of the induced macroscopic polarization with respect to the light field are responsible for the up-and down-action of the field to the population kinetic. On the other hand, no definite phase relations for the macroscopic polarization can be defined for the time period over which the non-Markovian polarization relaxation takes place.
From two-to three-level approximations
As we have seen from the analyzed example of a simple 2LQS, coherence manifests itself in spectral changes that in addition are also influenced by the system environment to a great extent, i. e. a correct inclusion of the quantum system -environment interaction is of exceptional importance. This problem, unfortunately, appears to be even more complicated due to the structural and spectral complexity of the molecular aggregates, whose reaction to light will be discussed below. Particularly, when studying molecular aggregates special attention to the manifestation of transitions from one-to twoexciton states has to be paid due to the two-photon resonance-enhanced FWM [31] . In this case the measured signal has to be taken into account with a larger precision, as long-lived material coherences from different transitions could, in principle, affect the relaxation of excitations in such systems as photosynthetic light harvesting complexes. Two-photon resonance-enhanced FWM processes taking place in circular aggregates were considered theoretically with respect to their influences on the pump-probe DAS [20] , and remarkable changes of the signal spectra around the zero time delay arising from the two-photon resonance transitions to the two-exciton states has been discovered in this case. Time-and frequency-resolved pump-probe measurements in the vicinity of zero delay times have been shown to be sensitive to the manifestation of two-exciton states and, consequently, may be used for the analysis of the extent of exciton localization in the circular aggregates.
Note that many-level systems under two-photon resonance were studied in a number of papers . Here, the main attention was paid to a three-level atom coherently excited by a two-photon resonant transition and subsequently driven by a weak field injected at one-photon resonance. A different situation, when the injected probe pulse appears prior to the pump, was not widely considered (except the cases of resonant femtosecond pump-probe spectroscopy [20] ) even if such a sequence may have a considerable impact on coherent control over quantum states in a three-level system, as well as opens new possibilities of tracing realistic parameters in a macroscopic ensemble of states.
Recently, there has been demonstrated an experimental technique which provides a direct access to the dephasing times of coherences at different transitions in a three-level system [38] (as it is sketched in Fig. 3) , when excited by a two-photon resonant pump and subsequently driven by a weak field injected at one-photon resonance. In the analysed case, in close analogue to the pump-probe spectroscopy measurements [20, 39] , the role of the injected atomic coherence for a four-wave difference frequency mixing (FWDFM) process in a three-level quantum system (3LQS) with a two-photon pump was demonstrated. It was shown, specifically, that ultrafast dephasing of different coherences (excited states) can be detected from measurements of the intensity of the DFG signal as a function of probe delay for positive and negative delay times. These theoretical findings were supported by FWDFM efficiency measurements in K atomic vapours [38] .
From the observed behaviour of the FWDFG efficiency in accordance with the interpretation given in [38] it could be stated that two-photon resonant enhanced FWM with a weak injected probe pulse represents a powerful tool for the spectroscopic studies of ultrafast processes and relaxation constants in molecular aggregates and photosynthetic antennas, where two-exciton states inevitably appear to be in the vicinity of two-photon resonance.
Theoretical modelling of early transients in femtosecond pump-probe spectra in a molecule
In what was described above we treated pure electronic two-and three-level systems. On the other hand, in molecules and molecular aggregates these (electronic) excitations often strongly couple to internal vibrational modes. Therefore, models which take into account nuclear degrees of freedom are of interest. Most of common models of theoretical descriptions from time resolved (femtosecond) spectroscopy of molecules are based on the MBO model and use perturbative treatment of field-matter interaction. Such a treatment, when applied to many-level systems, faces huge computational difficulties evaluating multiple integrals for actual Feynman graphs. Further, we demonstrate, how the treatment based on the numerical Fig. 3. (a) Schematic of FWDFM in a three-level quantum system: a strong laser pulse excites the two-photon transition at frequency 2ω L (red arrows online) and a weak probe is injected at the lower one-photon transition at frequency ω P . (b) FWDFM efficiency versus the delay time τ L : numerically eveluated rising and decaying signals displaying the difference of relaxation parameters of coherences in one-and two-photon resonantly excited channels (100 ps and 30 ps, respectively).
solution of the Redfield-type equations can be used to solve actual problems of ultrafast spectroscopy of molecular aggregates.
Specifically, we consider the localized many-level system, in which the ground (g) and excited (e) electronic states contain manifolds of vibrational levels |g 1 , g 2 ,. ..〉 and |e 1 , e 2 ,...〉, correspondingly, g m (e m ) being integer numbers enumerating quantum states in the ground (excited) vibrational manifolds (here, index m enumerates vibrational modes, which we do not specify at the moment). Let us assume two ground state manifolds to be electric-dipole coupled to the corresponding manifolds of vibrational states in excited manifold by the appropriate set of dipole moments with relative values for the given Huang-Rhys S related to the corresponding FranckCondon (FC) factors as follows [40] : 
where
is a Laguerre polynomial, and g m ≤ e n . For the case g m ≤ e n , the following relation holds:
Again, as it was described in Section 2, absorption changes are detected by a weak probe field, after the system is exposed to the laser (pump) pulse, of frequency (ω L ) which is considered to be close to resonance with the dominant transition (see Fig. 4 ) in a molecule, whereas the probe field due to its broad spectrum couples the amount of vibrational states of the ground and excited manifolds, which is sufficient to reproduce both absorption and emission spectra of the molecule. Now the equations for material variables read:
[ ] and R ij kl are the matrix elements of the Redfield tensor, which describes the relaxation process (population as well as polarization relaxation). Here, Eqs. (14a) and (14b) describe the electronic (high frequency) coherences, Eqs. (14c) and (14d) describe the population kinetics, whereas Eqs. (14e) and (14f) describe the dynamics of the coherences, which in case of the vibrational modes are responsible for the low frequency oscillations observed in differential absorption spectra for positive delays [1, 26, 40] .
Thus, in our representation, taking into account the one-phonon processes only, the relaxation tensor elements of interest are which are the population transfer within the excited state and ground state manifolds, and index j(i)-1 means energy lowering by one quanta within one of the vibrational modes, whereas terms
give the electronic polarization relaxation. Note that according to Eq. (7), a detailed balance between the adjacent transitions holds:
where ħω ij is the energy difference between the vibrational substates, and the fundamental relaxation parameters R 0 and T 2 are the only free parameters in the theoretical approach used. Further, for the electronic coherence transfer according to Eq. (15) not only the secular terms (Δω = 0) will be considered, taking into account situations where polarisation frequencies differ by one vibrational quantum (Δω = ħΩ). Specifically, the following elements of the Redfield tensor ℜ ij i j fulfilling the relationships: e k -e i = 0, ±1 and g l -g j = 0, ±1, giving and 130 cm -1 , were taken into account. The set of Huang-Rhys factors, which determine the strength of the electron interaction with these vibrational modes, was varied. A 3D plot of the calculated DAS versus wavelengths and delay times between pump and probe pulses is shown in Fig. 5 for different sets of the Huang-Rhys factor. Figure 5 (a) is depicted with S = {0.15, 0.25} for low and high frequency modes, respectively, whereas in Fig. 5(b) the case with S = {1.5, 2.5} is shown. The main advantages of our modelling as compared to common perturbative treatments (using e. g. MBO model) developed by describing the femtosecond transient spectra of organic molecules [1] are (i) the explicit description of the excitation through vibrational modes in both the ground and excited states, and (ii) the inclusion of the transfer of electronic and vibrational excitations. The first aspect seems to be more appropriate at a high temperature, as the population of higher vibrational modes in the initial conditions strongly influences the correlation function of the vibrational subsystem. The second aspect is crucial in determining the value of the signal bleaching in vicinity around zero delay time, which is caused by the electronic coherence transfer. Indeed, the initial bleaching results from the reduction of the ground state population, and electronic coherence transfer is an important modulation factor of this bleaching. Further in the course of time the relaxation through vibrational states in the excited electronic state takes place. This redistribution expresses itself via the gradual shift of the bleaching band relaxation towards the Stokes-shifted fluorescence band.
The initial oscillating feature (at negative delay times) is evidently due to the pump pulse interaction with the free induction generated by the probe pulse (as it was noticed above considering coherent effects in a 2LQS). On the other hand, oscillations in the spectra for positive time delays are relatively weak, hidden by the relaxation over vibrational states at room temperature and are not seen in Fig. 5 . Nevertheless, oscillations due to the vibrational coherences can be disclosed in our treatment simply by taking pump laser frequency tuned below the dominant transition in the spectra. The calculated DAS for some specific wavelengths are shown in Fig. 6 for the same set of parameters as in Fig. 5 , except Δ L was taken off-resonance from the dominant transition in the molecule, so that population in the excited electronic state becomes negligible. In this case oscillations due to the coherences excited in the vibrational manifold of the ground states are evidently seen in the decay kinetics for positive time delays.
Our treatment provides basic sources for information on vibrational relaxation dynamics as well as electron transfer processes, which can be obtained by fitting experimental and theoretical modelling data.
Strong excitation induced effects in molecular aggregates
Molecular aggregates [41] are of practical and theoretical interest because of their specific photophysical and spectroscopic features including huge nonlinearities [42, 43] and excitation transfer phenomena. Now it is well established that collective excitations of the aggregate (one-and two-exciton states) are responsible for the spectral properties and excitation kinetics in aggregated systems. A number of theoretical and experimental studies (see e. g. [41, 44] ,) have been devoted to different aspects of this problem.
The formation of the structure of excitonic energy bands appears when distinct transition frequencies of N monomers in an aggregate split due to the resonance interaction into N one-exciton states. Higher two-exciton states can be occupied in a twofold excited segment of an aggregate allowing transitions from the one-to two-exciton band. Accordingly, the transitions between the ground-and one-exciton states lead to positive contributions to the DAS (absorption and ground state bleach), while the transitions between the one-and two-exciton states result in a negative contribution (excited state absorption).
Annihilation enhanced FWM in molecular J-aggregates
When considering the nonlinear response of molecular aggregates, the crucial importance of exciton-exciton annihilation, as found in [45, 46] , should be stressed. The effect becomes of great importance in forming the optical response of the aggregate subsystem as the pump intensity rises. Within the process of exciton-exciton annihilation two colliding excitons annihilate creating one twofold excited state, i. e. a state of the second excitonic energy manifold. This state relaxes to the first manifold very fast, and the excess energy is distributed over vibrational degrees of freedom.
As an example which demonstrates the importance of exciton-exciton annihilation in laser spectroscopy of molecular aggregates (and possible photonic devices), we present here results on computer modelling of transient degenerate FWM which take into account both the saturation and annihilation processes [47] . In our model it was assumed that relaxation from the second excitonic manifold appears faster than annihilation itself, so that the rate of the whole process is determined by the annihilation rate in good approximation. In this case it is not necessary to include the second manifold into the consideration. Using the full semiclassical description of light and matter interaction, in close analogy with that presented in the background section, we account for the interplay of nonlinear effects at high pump intensities. In this case significant enhancement of the FWM efficiency in the region of saturation due to the annihilation processes of excitons can be demonstrated. The analysed contribution of annihilation to intensity and wavelength dependence of the DFWM signal (see Fig. 7 ) was found to be in good qualitative agreement with experimental findings of DFWM at the excitonic resonance in J-aggregates of pseudoisocyanine chloride (PIC) [48] .
Ultrafast pump-probe spectroscopy of strongly excited linear aggregates
It was demonstrated in the previous section that exciton-exciton annihilation effects become of great importance in forming the optical response of the molecular aggregate subsystem as the pump intensity rises. Additionally, due to the dependence of nonlinearity in J-aggregates on the coherence length (the number of molecules over which the excitation is delocalized), annihilation and the amount of disorder in the aggregated chains affect the optical response. Moreover, both processes are closely related to each other: the annihilation constant in the aggregate exhibits the dependence on the (mean) coherence length and, again, energy degradation processes (after the annihilation event) may result in inhomogeneity changes, which reduce the coherence length. All these changes of disorder strongly affect the aggregate spectra, being dependent on the eigenfunctions, eigenvalues and optical transition strengths in the quantum system.
Assuming that the molecules of an ensemble of aggregates exhibit strong inter-molecular interactions (in comparison to molecular-bath interactions) we will describe aggregate excitations in terms of the well-known fermionization model [49] [50] [51] . It was noticed above that the linear spectra of such a media are known to be formed from collectivized eigenstates in N excitonic manifolds (see e. g. [52, 53] ). Further we will use this approach and perform our study on two excitonic manifolds of onedimensional chains. When taking into account the nearest-neighbour interaction of the molecules, the eigenvalues of the collectivized states in these manifolds for perfectly ordered (homogeneous) linear aggregates are given by the simple expressions [21, 51, 54] . But even under ideal preparation conditions the meso-aggregate chain never becomes ideal and contains a certain number of rotated molecules and molecular segments. This so-called "static" disorder reduces to a certain amount the delocalization of excitation or, in other words, the length within the aggregate. The spectra of disordered aggregates were analysed previously by the perturbative procedure in [55] and by the direct numerical diagonalization [56] of the interaction Hamiltonian with the (static) site energy disorder.
In fact, for the line shape analysis of a disordered linear aggregate one should deal with the Hamiltonian H 0 of the form
where H mn = (〈∈〉 + D n )δ m,n + J n,m and summation runs over the possible one-molecule excitations |n〉 of the aggregate, 〈∈〉 stands for the average molecular excitation energy, D n is the offset energy of the nth molecule, and J nm is the inter-molecular interaction between molecules n and m.
Even for strong excited aggregates the interaction Hamiltonian H int can be considered a small perturbation. In this case the eigenvalues and eigenvectors for the particular realization of the disorder can be found by diagonalizing the matrix H nm numerically. Then kth eigenvalue ∈ k gives the energy of the eigenstate, whereas the corresponding eigenvector specifies its wave function in kspace:
. Inconsistence of the perturbative treatment of the energy spectra of the aggregate is also seen from Fig. 8(a) , where the stick spectra as obtained by numerical diagonalization of the Hamiltonian matrix N = 100 of an aggregate for the two particular sets (σ E , σ J ) of the standard deviations and the intermolecular interaction {0.1 × |J|, 0.1 × |J|} and {0.1 × |J|, 0.2 × |J|} are shown. It is seen from this figure that the eigenvalue-shift overcomes the energy offsets between the neighbouring eigenvalues, i. e. validity of perturbation approximation for evaluation of the aggregate spectra is not ensured.
It is also instructive to evaluate the corresponding delocalization (coherence) length N coh [56, 57] :
where ρ(∈ k ) stands for the density of quantum states. Appropriate coherence lengths calculated for cases considered above are depicted in Fig. 8(b) . It is seen that the main contribution to the aggregate spectra of interest is given from segments of 5-10 molecules. It should be pointed out that the above-described treatment allows us not only interpret the dependent spectra of the aggregate as contributed from the combined action of exciton-exciton annihilation and subsequent dynamic disordering processes, but also gives a possibility to interpret the transient stages of the aggregate exhibiting e. g. lasing due to the excess off-diagonal disorder. For this purpose two aggregate ensembles with a different amount of disorder were considered by deriving appropriate equations [54] . The population redistribution between these aggregates was included by different relaxation rates from the two-fold excited state of the initial aggregate to the manifold of one-exciton states of the additionally disordered one. The last one is assumed to have no population prior to excitation (as described by the initial condition). In this case the calculation procedure, as above, involves the numerical diagonalization of the matrix Ĥ n,m for the certain number (10000 in our calculations) of disorder realizations and kinetics of the material variables is determined as an average of density matrix elements over these realizations.
As it follows from the results presented in Fig. 10 , certain relations between rates of excitation annihilation and relaxation in the system lead to transient stages exhibiting the feature to lasing in a strongly excited aggregate ensemble.
Annihilation probed exciton delocalization in molecular aggregates
Finally, we present the heuristic approach for estimating exciton delocalization by using pump-probe absorption spectroscopy data. The idea behind this approach is to explore the migration-limited character of the exciton-exciton annihilation in molecular aggregates. For the sake of brevity we will illustrate it for the one-dimensional regular molecular aggregates only while the extension of this approach for the aggregates of arbitrary topology will be published elsewhere.
It has been shown that at high excitation intensities the asymptotic pump-probe kinetics of aggregates is dominated by the exponential decay [58] . This component represents the first passage time for the last pair of excitons. The exact analytical expression for the smallest eigenvalue of this pairwise annihilation component τ a -1 can be easily obtained from the spectral representation of the migration-limited excitation trapping problem by taking into account the hopping twice as fast as the excitation. In case of periodic boundary conditions (ring topology) of the aggregate it reads [58, 59] : where N is the number of hopping sites in the aggregate, and τ h is an exciton hopping time. It should be noted that the following lifetime expression for migration determined anisotropy decay of polarized aggregate excitation [60] ,
provides complementary relation between hopping time and the number of hopping sites explored during random walk on a ring. The latter parameter provides information on the exciton delocalization. For instance, the bacterial light-harvesting complex LH2 from the photosynthetic bacteria Rh. sphaeroides contains a ring aggregate of closely packed 18 bacteriochlorophyll molecules. The measured constants τ a = 0.59 ps and τ d = 0.1 ps [58] substituted to Eqs. (20) and (21) result in the hopping time τ h = 0.27 ps and N = 6.6 sites. It is therefore expected that the localized exciton is spanned over N coh = 18/N = 2.8 bacteriochlorophyll molecules. This view of coherent exciton hopping over different localization sites on the LH2 aggregate has recently been obtained while simulating fluorescence kinetics of a single LH2 complex from Rps. acidophila [61] . Additionally, the approach has already been used while analyzing exciton coherence in the bacterial light harvesting complex LH1 and reaction center of Photosystem II, thin film and crystalline C60, as well as conjugate polymers [59] . Recently, it has also been used while studying artificial lightharvesting aggregates of porphyrin [62] [63] [64] [65] .
Conclusions
In this paper, motivated by the recently discovered significance of the quantum coherences in light harvesting efficiency [9] , we have demonstrated the suitability of the Redfield theory for the nonperturbative description of different examples of ultrafast pump-probe spectroscopy of atomic, molecular and aggregated systems, with special attention paid to the lifetime of electronic coherences. Particularly, for the specific model of transient DAS of the two-level system it was concluded that definite phase relations between induced in 2LQS coherences and light field (accounted for in nonMarkovian approach) results in a distinct time dependent shift of the DAS bleaching. Applying this description, which is based on numerical analysis of the Redfield-type equations, to three-and manylevel quantum systems, the possibilities for tracing coherences in difference FWM experiments as well as exciton-exciton annihilation enhanced FWM in molecular aggregates were discussed. The method allows one to follow excitation dynamics over the vibrational states during the time of excitation and signatures of the excited coherences in ultrafast pump-probe spectroscopy. Finally, the given possibilities to observe lasing due to the exciton-exciton annihilation as well as estimate coherence length in molecular aggregates were discussed. We conclude that nonperturbative treatment of the Redfield equations is suitable for many experimental situations of ultrafast FWM spectroscopy, from atoms to artificial molecular aggregates and photosynthetic complexes, simulating both de-coherence and coherence transfer effects. 
KOHERENTINIŲ KVANTINIŲ BŪSENŲ
Santrauka
Autoriai, remdamiesi moksline patirtimi ir atliktais darbais, apžvelgia koherentinės medžiagos bei lauko sąveikos ypatumus bei apraiškas, stebimas ultrasparčiosios žadinimo-zondavimo spektroskopijos metodais. Aptariami šios technikos privalumai siekiant nustatyti atomuose, molekuliniuose agregatuose bei biologiniuose dariniuose sužadintų koherentinių būsenų gesimo ir pernašos kelius, taip pat galimybės įvertinti tokių sužadinimų gyvavimo trukmę bei koherentiškumo ilgį, plotą ar tūrį (kai kalbama apie molekulinius agregatus). Aprašant lazerinės žadinimo-zondavimo spektroskopijos matavimus remiamasi tankio matricos, užrašytos atomo, molekulės ar eksitoninių funkcijų bazėje, evoliucijos skaitmeniniu sprendimu (netaikant trikdžių teorijos artinių elektromagnetinio lauko ir kvantinių medžiagos būsenų sąveikai aprašyti).
